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Multiple crossovers in interacting quantum wires
M. Kindermann and P. W. Brouwer
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853-2501
(Dated: October 26, 2018)
We study tunneling of electrons into and between interacting wires in the spin-incoherent regime
subject to a magnetic field. The tunneling currents follow power laws of the applied voltage with
exponents that depend on whether the electron spins at the relevant length scales are polarized or
disordered. The crossover length (or energy) scale is exponential in the applied field. In a finite size
wire multiple crossovers can occur.
PACS numbers: 73.63.Nm,71.10.Pm,71.27.+a
I. INTRODUCTION
The Luttinger Liquid is considered to be the appropri-
ate description of the low-energy properties of interacting
electrons in a quantum wire.1,2 In a Luttinger Liquid, the
fundamental excitations are collective charge and spin
modes. Unlike Fermi Liquids, Luttinger Liquids have
power law dependences for the tunneling density of states
and for the conductance through a weak link as a func-
tion of the applied bias voltage or temperature. This and
other properties of Luttinger Liquids such as the phe-
nomenon of spin-charge separation have been observed
experimentally.3,4,5,6
Recently, it has been realized that the electron liquid
with spin excitation energy J smaller than the tempera-
ture T differs qualitatively from the standard Luttinger
Liquid picture.7,8,9,10,11,12,13,14,15,16,17,18,19,20 This ‘spin-
incoherent’ limit can be realized in quantum wires at low
densities, when the conductor enters the Wigner crystal
regime and J is exponentially suppressed below the Fermi
energyEF by the Coulomb barrier between adjacent elec-
trons in the crystal.21,22 Recent experiments on wires de-
fined in heterostructures approach this regime.3,10 The
spin-incoherent limit can also be reached in ultra-thin
quantum wires, in which the Coulomb repulsion renders
the electrons effectively impenetrable.23 A theoretical
model that shows spin-incoherence is the one-dimensional
Hubbard model with infinite on-site repulsion U .
The qualitative difference between the cases J = 0 and
J 6= 0 arises because for J = 0 the velocity vs of spin exci-
tations is zero. This implies that the relative positions of
the electron spins are fixed if J = 0. Their absolute posi-
tions along the wire, however, are not. Spin can still move
along the wire together with the flow of charge. This is
best visualized in the infinite-U Hubbard model, which
has an exact solution in terms of a static spin background
and non-interacting spinless holes, which are the charge
carriers,24 see Fig. 1. The same coupling between spin
and charge generically exists also in Luttinger Liquids
with J 6= 0, but its impact on the low-energy properties
is overwhelmed by the effects of the finite spin velocity in
the standard case. For spin-incoherent Luttinger Liquids,
the motion of the spin background driven by quantum
fluctuations of the charge current has been shown to give
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FIG. 1: Hubbard chain with infinite on-site repulsion U that
allows sites to be singly occupied only. a) Moving charge
carriers (holes in the electron occupation) shift also the spin
configuration such that the spin state at a given site may
change. The relative position of the spins remains fixed, how-
ever. b) The spin state at a given site does not fluctuate in
a spin-polarized Hubbard chain, when the spin configuration
is translationally invariant. c) Also the spin configuration at
the site that is at the end of the chain cannot be changed by
the charge dynamics.
rise to an anomalous dependence of the tunneling current
I through a probe weakly coupled to the quantum wire
on the applied voltage V . This occurs because the spin
background at the point of tunneling is not static on the
time scale ≃ h¯/eV of a tunneling event. In Refs. 7,9 it
was shown that25
I ∝ V 1/2 (1)
if there are no residual interactions between the charge
degrees of freedom, whereas I ∝ V in the J ↓ 0 limit of
finite-J Luttinger Liquids in the same situation.
The motion of the spin background has no effect on the
tunneling current if a magnetic field B is applied large
enough to polarize the electron spins in the quantum wire
and in the probe. In that case, the spin background
is translation invariant and one restores the dependence
I ∝ V of the non-interacting case. The tunneling current
of minority electrons remains anomalous, however, since
the addition of minority electrons to the quantum wire
2always breaks the translation invariance of the wire’s spin
background.
A second possibility to restore the noninteracting tun-
neling exponent in a spin-incoherent Luttinger Liquid is
to move the tunneling probe to the end of the wire. In
that case there is no room for variation of the positions
of the spins in the wire relative to the point of tunneling.
The spin of an electron tunneling into the wire is simply
added to the end of the spin configuration in the wire
prior to tunneling.
In this article we ask the question how the crossover be-
tween the different tunneling exponents takes place. For
both crossovers — as a function of applied magnetic field
or as a function of the distance from the end of the wire —
we find that the dependence I ∝ V α of the tunneling cur-
rent on the applied voltage switches between two different
exponents α. For the magnetic-field induced crossover,
we find that the majority-electron current I ∝ V 1/2 for
V ≪ VB , whereas I ∝ V for higher bias voltages, where
the crossover voltage VB can be found as the lowest volt-
age at which the (EF /eV )
1/2 spins bordering the tunnel-
ing site can still be expected to be majority spins,
eVB = EF e
−2EZ/kBT . (2)
Here EZ = 2µBB, where µB is the Bohr magneton, is
the Zeeman energy of electrons in the applied magnetic
field B. For the crossover that depends on the distance
x from the wire’s end, one has I ∝ V for V ≪ Vx, with
Vx = h¯v/x, (3)
whereas I ∝ V 1/2 for higher bias voltages, where v is the
velocity of the collective charge modes in the quantum
wire.
Our detailed calculations are described in the remain-
der of this article. In Sec. II we discuss the bosonized
description of a one-dimensional conductor in the spin-
incoherent limit. In Sec. III we present a detailed calcu-
lation of the single-electron Green functions of the one-
dimensional wire. Finally, in Sec. IV we discuss the con-
sequences that the asymptotic time-dependence of the
Green functions has for tunneling experiments. In our
calculations, we take into account that there may ex-
ist additional forward scattering interactions between the
charge excitations. This applies, for instance, to a quan-
tum wire at low electron densities when the wire enters
the Wigner crystal regime. The charge dynamics in such
a quantum wire is described by a spinless Luttinger Liq-
uid with interaction parameter g.9,11 The tunneling ex-
ponents listed above are for the case g = 1. For general
g the nature of the crossovers is unchanged, although the
estimates of the crossover voltages and the exact tunnel-
ing exponents are modified.
II. MODEL
At low energies an interacting wire in the spin-
incoherent regime is described by a spinless charge de-
gree of freedom and a static spin background.9 The spin
background does not enter the Hamiltonian. We describe
the charge degree of freedom using boson fields θ and φ,
which are related to the charge density ρ through
ρ =
e
pi
∂θ
∂x
. (4)
We consider a half-infinite quantum wire 0 < x < ∞.
For a half-infinite wire, the boson fields have the commu-
tation relation
[θ(x), φ(x′)] = −ipiΘ(x− x′), (5)
where Θ(y) = 1 if y > 0 and 0 otherwise, and satisfy
the boundary condition θ(x) = 0 and ∂φ(x)/∂x = 0 at
x = 0. The Hamiltonian is
H = v
∫ ∞
0
dx
2pi
[
g−1(∂xθ)
2 + g(∂xφ)
2
]
, (6)
where g sets the strength of the residual interactions be-
tween the charge excitations and v is the velocity of the
charge carriers. One has g < 1 for repulsive interactions
(we set h¯ = 1).
The annihilation operator ψσ(x) of an electron with
spin σ at position x is expressed in terms of spinless
fermions c(x) and operators Sσ(x) that remove a spin
σ from the spin background of the wire at position x as
ψσ(x) = c
†(x)Sσ(x). (7)
The annihilation operator c for the spinless charge carrier
is expressed in terms of the boson fields as
c(x) =
η√
2pia
(8)
×
[
e−ikF x−iθ(x)+iφ(x) + eikF x+iθ(x)+iφ(x)
]
.
Here η is a Majorana fermion, kF is the Fermi wavenum-
ber of the spinless charge carriers, and a the short-
distance cut-off of the bosonized theory.
In the calculations below we need the correlation func-
tions of the boson fields at zero temperature. Up to a
(divergent) constant that disappears from the final re-
sults, these are26
− i〈φ(x, τ)θ(x, 0)〉 = i
4
∑
±
(∓) ln[a+ i(vτ ± 2x)],
−i〈θ(x, τ)φ(x, 0)〉 = i
4
∑
±
(±) ln[a+ i(vτ ± 2x)],
−i〈φ(x, τ)φ(x, 0)〉 = i
2g
ln(a+ ivτ)
+
i
4g
∑
±
ln(a+ i(vτ ± 2x)),
−i〈θ(x, τ)θ(x, 0)〉 = ig
2
ln(a+ ivτ) (9)
− ig
4
∑
±
ln(a+ i(vτ ± 2x)).
3The Hamiltonian (6) can be derived microscopically as
the low-energy theory of a Hubbard model with infinite
interaction parameter U and additional long-range inter-
actions described by a purely forward scattering density-
density interaction. For this derivation, one describes the
infinite-U Hubbard model in terms of a static spin back-
ground and spinless holes. The latter are the fermions c
introduced above.14,27 At low energies one may linearize
the spectrum of the holes, writing the annihilation op-
erator of a hole as c(x) = eikF xcL(x) + e
−ikF xcR(x).
Including the long-range interactions between the hole
densities ρL(x) = c
†
L(x)cL(x) and ρR(x) = c
†
R(x)cR(x),
we then find a Hamiltonian of the form
H =
∫ ∞
0
dx
{
−ivF (c†L∂xcL − c†R∂xcR) (10)
+
g0
2
[
ρ2L(x) + ρ
2
R(x)
]
+ g˜0ρL(x)ρR(x)
}
.
This Hamiltonian is brought into the form of Eq. (6)
by bosonization of the operators cL and cR. The phe-
nomenological parameters v and g in Eq. (6) are re-
lated to those in Eq. (10) by v = vR[(1 + g0/2pivF )
2 −
(g˜0/2pivF )
2]1/2 and g = (1+g0/2pivF − g˜0/2pivF )1/2/(1+
g0/2pivF + g˜0/2pivF )
1/2. The hole operators c take the
form of Eq. (8) after bosonization.
III. CALCULATION
In order to compute the tunneling current I from a
tunneling probe into the wire at a distance x from the
wire’s end, we express I in terms of the Green functions
G and Gp of the wire and the probe, respectively. To
lowest order in the tunneling amplitude t between wire
and probe one has
I = 2|t|2
∑
σ
∫
dτ e−ieV τ/h¯ (11)
× [G<σ (x, τ)G>p,σ(x,−τ) −G>σ (x, τ)G<p,σ(x,−τ)] .
The greater and lesser Green functions of the wire are
defined as
G>σ (x, τ) = −i〈ψσ(x, τ)ψ†σ(x, 0)〉,
G<σ (x, τ) = i〈ψ†σ(x, 0)ψσ(x, τ)〉, (12)
with similar definitions for the greater and lesser Green
functions of the probe.
The power-law dependence of the tunneling current
I on the applied voltage V at low V is related to the
time-dependence of the wire Green functions at large
τ ≃ h¯/eV . In terms of hole and spin operators we have
G>σ (x, τ) = −i〈Sσ(x, τ)c†(x, τ)c(x, 0)S†σ(x, 0)〉. (13)
The spin expectation value in Eq. (13) is non-vanishing
only if all background spins between the spin that is at
position x at time τ and the spin that is at x′ at time 0
have the same orientation σ. This occurs with probability
p
|Nx(τ)−Nx(0)|
σ , where
Nx(τ) =
kFx+ θ(x, τ)
pi
(14)
is the number of electrons between positions 0 and x at
time τ and
p↑ = 1− p↓ = 1
e−EZ/kBT + 1
(15)
is the probability for a spin to point along the direction
of the applied magnetic field. One then evaluates the
greater Green function as9,10
G>σ (x, τ) = −ieiEZστ/2
∑
k
p|k|σ
∫
dξ
2pi
eiξk (16)
× 〈e−iξNx(τ)c†(x, τ)c(x, 0)eiξNx(0)〉.
Here, σ equals 1 for spin-up electrons and −1 for spin-
down electrons. Using the correlators of Eq. (9), we then
find
G>σ (x, τ) ∝ eiEZστ/2
∑
k
p
|k|
σ e−k
2/2w2
2piwa
{
2(−1)k
[
4x2a2
((ivτ + a)2 + 4x2) (ivτ + a)2
]1/4g
+
(ivτ + a)g/2−1/2gag/2+1/2g
(2x)g/2−1/2g((ivτ + a)2 + 4x2)(g−1)2/4g
(
e2ikF x
ivτ − 2ix+ a +
e−2ikFx
ivτ + 2ix+ a
)}
(17)
with
w2 = − g
2pi2
ln
[
a2
4x2
+
a2
(ivτ + a)2
]
. (18)
The symbol “∝” in Eq. (17) indicates dimensionless pref-
4actors that do not depend on τ , x, or pσ. For the
Green functions needed in this article the lesser functions
G<(x, τ) are obtained by the replacement
G<σ (x, τ) = pσe
iEZστG>σ (x, τ)
∗|kF↔−kF . (19)
The extra factor pσ originates from the reversed order of
the spin operators S(x, τ) and S†(x, τ) in the expression
for G<(x, τ).
We should note that our calculation using bosonization
is not exact since it does not account for the discreteness
of charge. For this reason, the sum over k was replaced
by an integral in Ref. 15. With this replacement, the
Green functions at non-coinciding points agree with the
exact Green functions in the limit pσ → 1. None of the
Green functions at coinciding points considered in this
article depends on whether one has a sum or an integral
in this limit. We therefore keep the sums, which results
in improved approximations in the opposite limit pσ → 0.
The sum over k in Eq. (17) is time- and space-
dependent through w. In previous treatments of the
problem in Refs. 9,10,15 this dependence has been ne-
glected. This is a good approximation for an unpolarized
electron gas at not too large energies. As one polarizes
the electron spins by applying a magnetic field, however,
this additional time and space-dependence in Eq. (17) be-
comes more and more important and we will show that
it leads to the expected crossover of the scaling exponent
to the conventional Luttinger Liquid exponent at perfect
spin-polarization.
A. Crossover induced by a magnetic field
To evaluate Eq. (17) we need the sum
S =
∑
k
(−1)kp|k|e−k2/2w2 (20)
with 0 ≤ p ≤ 1. Using the identity
∑
k
f(k) =
∫
dk f(k)
∑
q
e2ipiqk,
we first convert the sum over k into an integral,
S = 2
∑
q
∫ ∞
0
dk e−ipi(2q+1)k+k ln p−k
2/2w2 . (21)
Although this integral can be expressed in terms of er-
ror functions, the power-law dependence on τ can be ex-
tracted using a sequence of approximations. For this we
confine ourselves to the regime pi|w| ≫ 1, which is ap-
propriate in the relevant case that the distance from the
end of the wire is not microscopic (x≫ a) and the time
τ is large. We first rewrite S by shifting the contour of
integration in the complex plane,
S = S1 + S2, (22)
0 1 2 3
−12
−8
−4
0
w
ln
 S
FIG. 2: Comparison between the logarithms of the sum S
(solid line) and its approximation Eq. (24) (dashed line) at
EZ = 10 kBT . The approximation improves as w grows large.
with
S1 = −2i
∑
q
e−pi
2w2(2q+1)2/2
∫ piw2(2q+1)
0
dκ eκ
2/2w2
× ei ln p(κ−piw2(2q+1)),
S2 = 2
∑
q
ew
2[ln p−ipi(2q+1)]2/2
∫ ∞
w2| ln p|
dk e−k
2/2w2 .
At pi|w| ≫ 1 the κ integration in S1 is dominated by κ
close to piw2(2q + 1). Linearizing the exponent around
κ = piw2(2q + 1), we then find
S1 ≈ −
∑
q
2
ln p− ipi(2q + 1)
=
1− p
1 + p
. (23)
Each term in the q-summation for S2 can be bounded by
e−pi
2(2q+1)2w2/2/| ln p|, from which one concludes that S1
dominates over S2 unless | ln p| <∼ exp(−pi2w2/4). Since
exp(−pi2w2/4) ≪ 1/w2, one may in our limit piw ≫ 1
thus calculate S2 in the limit ln p→ 0. We then find
S ≈ 1− p
1 + p
+
√
2piw e−w
2pi2/2 (24)
in the regime of interest pi|w| ≫ 1. The numerical com-
parison shown in Fig. 2 shows that Eq. (24) is indeed an
excellent approximation to the sum Eq. (20).
In order to study the magnetic-field dependence of tun-
neling into the bulk of a spin-incoherent wire, we take
vτ ≪ x in Eq. (17). Using Eq. (24), we then find
G>σ (τ) ∝
eiEZστ/2
a
[
1√
2piw
1− pσ
1 + pσ
(
a
ivτ + a
)1/2g
+
(
a
ivτ + a
)g/2+1/2g ]
. (25)
5The first term has the anomalous scaling ∝ τ−1/2g calcu-
lated in Refs. 7,9 for the spin-incoherent Luttinger Liquid
at zero magnetic field. (We neglect the logarithmic time
dependence following from the prefactor w in Eq. (25).)
The second term has the asymptotic time-dependence
characteristic of a standard Luttinger Liquid at interac-
tion parameter g. In the absence of a magnetic field, the
first term dominates. In the presence of a magnetic field
that partially polarizes the electron spins, the first term
remains dominant for minority electrons. For majority
electrons, however, there is a range of times τ ≪ τB in
which the second term takes over, with
τB =
a
v
e2EZ/gkBT . (26)
Hence, for times τ ≪ τB, G> ∝ τ−1/2g−g/2, whereas
G> ∝ τ−1/2g for τ ≫ τB. Qualitatively, the crossover
occurs when the electrons have a sufficiently long time
τB to explore distances over which the electron spins
are disordered. With increasing polarization that time
increases. Note that the range τ ≪ τB is observable
only if τB ≫ a/v, which requires polarizations p↑ close
to unity. Conversely, at any given τ (corresponding to
a fixed bias voltage V ) the tunneling current of major-
ity spin electrons displays a strong magnetic field depen-
dence: the dependence is exponential exp(−EZ/kBT ) for
E∗Z
>∼ EZ ≫ kBT and saturates in fields larger than the
crossover field B∗ with
E∗Z =
g
2
kBT ln
vτ
a
. (27)
B. Crossover as a function of distance from a
boundary
The anomalous scaling of spin-incoherent electrons can
not only be suppressed by polarizing the spins, but also
by moving the tunneling probe toward the end of the
wire. Close to the end of the wire, the sliding of the spin
background is suppressed, and one expects to recover the
standard tunneling exponents for times τ ≫ τx ≡ x/v.
For τ ≫ τB (when the conductor exhibits an anomalous
exponent for tunneling into the bulk) we find
G>σ (τ) ∝
eiEZστ/2
wa
1− pσ
1 + pσ
(28)
×
[
4x2a2
((ivτ + a)2 + 4x2) (ivτ + a)2
]1/4g
.
Note that one indeed recovers the behavior G>(τ) ∝
τ−1/g for tunneling near the end of a standard Luttinger
Liquid if τ ≫ τx.
In the regime τB ≪ τx one expects a double crossover
for majority electrons: For very small times τ ≪ τB , one
observes the exponent characteristic of a fully polarized
electron gas, G>(τ) ∝ τ−1/2g−g/2. For the intermedi-
ate range τB ≪ τ ≪ τx, tunneling shows the anomalous
exponent characteristic of the bulk spin-incoherent Lut-
tinger Liquid, G>(τ) ∝ τ−1/2g . The true asymptotic
behavior sets in only for τ ≫ τx and shows the power-
law dependence G> ∝ τ−1/g for to-end tunneling of a
standard Luttinger Liquid. Both crossovers can be in-
ferred from the form of the Green function at pi|w| ≫ 1
that is obtained by substituting Eq. (24) into Eq. (17)
without taking any further limits,
G>σ (x, x, τ) ∝ eiEZστ/2
[
4x2a2
((ivτ + a)2 + 4x2) (ivτ + a)2
]1/4g

√
2√
piw
1− pσ
1 + pσ
+
[
a2
(
(ivτ + a)2 + 4x2
)
(ivτ + a)2
4x2
]g/4
×
[
2
(ivτ + a)g
+
1
((ivτ + a)2 + 4x2)(g−1)/2
(
e2ikF x
ivτ − 2ix+ a +
e−2ikF x
ivτ + 2ix+ a
)]}
. (29)
While the first crossover at τ ≈ τB is obtained by com-
paring the magnitudes of the two terms inside the curly
brackets, the second one at τ ≈ τx is described by the
factor outside the curly brackets in Eq. (29).
IV. CONSEQUENCES FOR TUNNELING
EXPERIMENTS
We now discuss the implications of Eqs. (25), (28), and
(29) for tunneling experiments. We consider two cases:
tunneling from one spin-incoherent wire into another one
and tunneling from a noninteracting conductor, such as
6a metallic STM-tip, into a spin-incoherent wire.
configuration: end-end bulk-end bulk-bulk
αpol 2/g − 1 3/2g + g/2− 1 1/g + g − 1
αincoh 2/g − 1 3/2g − 1 1/g − 1
TABLE I: Scaling exponents for the tunneling currents be-
tween two spin-incoherent conductors subject to a magnetic
field in various configurations. The spin-polarized exponents
αpol govern the tunneling current at high voltages. The
crossovers between them and the incoherent exponents αincoh
occur at the voltage scales eVB = EF exp(−2EZ/gkBT ) for
tunneling from bulk to end and eV ∗B = EF exp(−EZ/gkBT )
for bulk to bulk tunneling.
In the first case, there is no real difference between
‘probe’ and ‘wire’. As a result, the exponent α governing
the power-law dependence of the tunneling current I on
the applied voltage V ,
I ∝ V α, (30)
depends on whether the tunneling takes place from the
bulk or from the end of the probe wire. The various
exponents αincoh (characteristic of the spin-incoherent
Luttinger Liquid) and αpol (characteristic of the spin-
polarized electron liquid) for tunneling from end to end,
bulk to end, and bulk to bulk respectively, are summa-
rized in table I. The crossovers between bulk and end
behavior occur at the corresponding scale V ≃ Vx.
For tunneling from the end of the probe, the density
of states in the probe is independent of energy. Hence,
the crossovers between various power law exponents for
majority spin electrons described by Eqs. (25) and (29)
are observable at the scales derived in sections III A and
III B. The magnetic field dependence of the tunneling
current in this configuration is given by that of the ma-
jority spin Green function derived in section IIIA.
For tunneling from the bulk of the probe wire into the
bulk of the probed wire the crossover takes place between
a regime of high energies where the majority spin current
dominates to a low energy regime where the current is
carried by minority spin electrons. The fact that the
minority spin current dominates at low bias can be seen
from the low voltage limit Iσ ∝ pσ(1−pσ)2 if τ ≫ τB. It
follows from the long-time asymptote of Eq. (25), used
in Eq. (11) together with Eq. (19). The voltage at which
the minority and majority spin currents are equal is
eV ∗B ≃ EF e−EZ/gkBT . (31)
At high voltages, V ≫ V ∗B , the power law exponent α is
that characteristic of a fully polarized wire αpol. At low
voltages, one observes the exponent of a spin-incoherent
wire, αincoh, see Tab. I.
If tunneling takes place from a noninteracting conduc-
tor, the phase exp(iEZστ/2) in the Green function of
the spin-incoherent wire becomes important. (This phase
factor cancels for tunneling between spin-incoherent con-
ductors.) The phase factor exp(iEZστ/2) represents the
extra energy cost EZ necessary to tunnel minority spin
electrons into the spin-incoherent wire. This energy cost
appears because, while the higher magnetic energy of the
minority electrons is compensated for by a reduction of
their kinetic energy in the non-interacting probe, this is
not possible in the spin-incoherent conductor, where the
holes c have a kinetic energy that is independent of the
spin of the missing electron. As a consequence, the chem-
ical potentials of the spinless charge carriers in the spin-
incoherent conductor and of the electrons in the probe at
zero temperature differ by the amount EZ/2, the energy
gain EZ/2 for adding a majority spin to the wire.
We now assume that EZ ≫ kBT , such that p↓ ≪ p↑.
The current between a spin-incoherent conductor and
a non-interacting probe carried by the majority elec-
trons follows the scaling behavior reflecting the time-
dependence of the majority-spin Green function. The
current carried by the minority spins, however, consists
of the ‘drift current’ at energy drop EZ − eV for elec-
trons exiting the spin-incoherent conductor and a ‘dif-
fusion current’ of thermally activated electrons entering
the spin-incoherent conductor from the probe. The drift
and diffusion currents of minority electrons are equal at
zero bias, because the drift current of minority electrons
exiting the spin-incoherent conductor is weighed with a
factor p↓ ≃ exp(−EZ/kBT ), cf. Eq. (19).
As a consequence the magnitude of the minority spin
current strongly depends on the direction of current flow.
For tunneling of electrons into the spin-incoherent wire
the minority spin current dominates at voltages in the
range EZ ≪ eV ≪ EF . This is a result of the fac-
tor 1 − pσ multiplying the first term in Eq. (25) that is
much larger for minority spins than for majority spins.
For current flow in the opposite direction, however, the
minority spin current is suppressed by the factor pσ in
Eq. (19). The current at high voltages V ≫ VB is then
predominantly carried by majority spin electrons. The
cross-over between the exponents αpol at V ≫ VB and
αincoh at V ≪ VB derived from the form of the major-
ity spin Green function in section IIIA is observable if
the crossover voltage VB = (EF /e) exp(−2EZ/gkBT ) is
larger than EZ/e. Also in this case of tunneling of elec-
trons out of the spin-incoherent conductor the current
is carried by minority electrons at sufficiently low volt-
ages. This can be seen from the voltage dependence of
the minority spin current in the regime eV ≪ EZ . It
resembles that of a semiconductor p-n junction, I↓ ∝
p↓EF (EZ/EF )
1/2g[1 − exp(eV/kBT )], and it dominates
over the majority spin current whose low voltage asymp-
tote is I↑ ∝ p↓EF (eV/EF )1/2g.
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